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On an integrable magnetic geodesic flow on 

the two-torus * 

LA. Taimanov ^ 


1 Introduction 

The motion of a charge in a magnetic held on a conhguration space M” is 
described by the Euler-Lagrange equations for the Lagrangian function 

r(g, q) = ^gikq'q’" + Aiq^ 

where the hrst term is the kynetic energy calculated by using the Riemannian 
metric Qik on M” and the second term describes the interaction of a charge 
with the magnetic held F which is a closed two-form F on M"' such that 
F = dA. If F is non-exact, then the one-form A is dehned only locally. If 
F = 0, then we get the Lagrangian function for geodesics on and for 
this reason solutions q(t) for the Euler-Lagrange equations with a general 
magnetic held are called magnetic geodesics. 

Trajectories lying on the energy level 

E = ^gikq'q’' = const 

satisfy to the Euler-Lagrange equations for the reduced Lagrangian function 

LE{q, q) = + Aiq\ 

*The work was supported by RSF (grant 14-11-00441). 
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In this article we consider the magnetic geodesic flow on the two-torus 

= MV(27rZ)2, 

where the coordinates x and y are deflned modulo 27r, with the flat Rieman- 
nian metric 

ds^ = dx"^ -I- dy^ 

and with the magnetic held given by the 2-form 

F = cosxdx A dy. 

This form is exact: 


F = dA with A = sin xdy. 


Therewith we 

1. completely integrate the How and, in particular, describe ail trajectories 
in terms of elliptic functions (Theorem [T]); 

2. show that for all contractible periodic magnetic geodesics the reduced 
action 



is positive: 

Se > 0 ; 

(Theorem [2]) ; 

3. for E < ^ Hud the minimizers of the action Se extended to submani¬ 
folds S of as follows: 

5e(S,/) = x/^length (a/(S))+ [ r{F), 

JT, 

where / : S —)■ is the embedding (Theorem |3]0); 

^This extension of S'_e for the space of films Se was introduced in (SUES]. Theorem [3] 
describes the minimal films for the case E < ^, i.e. when Se attains negative values. 
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4. explicitly describe ail contractible periodic magnetic geodesics and, in 
particular, show that they exist only for E < ^ and simple (not iterates 
of others) contractible periodic magnetic geodesics form two S^-families 
(Theorem 0]) . 

The initial intention for writing this article was to supply the study of 
periodic problem for magnetic geodesics with a non-trivial explicit example 
of a magnetic geodesic flow with interesting properties. 

The study of the periodic problem for magnetic geodesics was initiated 
by Novikov in early 1980s [HI [191 EQ] in the framework of qualitative study 
of certain Hamiltonian systems from classical mechanics. It appears that an 
application of the classical Morse theory to proving the existence of periodic 
magnetic geodesics meets many obstacles which can not be overgone by clas¬ 
sical methods [20] • We gave a survey of that as well as of the first results in 
this direction in our survey [24] . 

For dealing with these difficulties new ideas methods arising from sym- 
plectic geometry, dynamical systems and hxed points theory were proposed 
(see, for instance, [i El El ini 021 ESI El ESI El EH EB E2l ESI ESI ESI) . 

One of them consists in a proposal to extend the reduced action functional 
Se for closed curves in an oriented two-manifold to the space of films, and 
then to establish the existence of a minimal film whose boundary components 
would be locally minimal periodic magnetic geodesics. That was done in 
[2Sl ES] where the existence of nontrivial periodic magnetic geodesics was 
established for strong magnetic fields. 

Let us assume that a magnetic held F is exact. Then it is easy to satisfy 
the strength condition from [25l |26] by multiplying F by a sufficiently large 
constant A or by considering only low energy levels E. In fact, the ratio 
has to be sufficiently large, or, in other words, E < Eq where Eq is some 
constant. However if F > Fi with Fi a constant, then 5"^; is the length 
functional for a Finsler metric and the periodic problem can be studied by 
the classical Morse theory. It was established in m that Fq = Fi = C, 
the constant C is the Mane critical level and on this level the existence of a 
periodic magnetic geodesic is derived from the Aubry-Mather theory. Hence 
the existence of a periodic magnetic geodesic was established for all energy 
levels for exact magnetic helds on oriented closed two-manifolds. 

Recently the existence of inhnitely many periodic magnetic geodesics was 
established for exact magnetic helds on two-manifolds for almost all subcrit- 
ical energy levels, i.e. for almost all F < C* |2lE|. For other recent results 
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which clarify the periodic problem on two-manifolds we refer to [H El IS]- 
To finish the introduction we are left to make two 
Remarks. 1) Given an exact magnetic field, if the functional Se attains 
negative values on certain closed contractible curves, then the whole manifold 
of one-point curves M"' can be overthrown into domain {Se < 0} and hence 
every fc-cycle from M” generates a nontrivial cycle from {Se < 

0}) where Pq is the space of contractible closed curves in M"' ( “the principle 
of throwing out cycles”) [23l[27|. It would be interesting to understand how 
the contractible periodic magnetic geodesics given by Theorem 0] fit into this 
picture and how to compute H^,{Po{M"‘), {Se < 0}) by using them. 

2) The existence of a minimal film proved in [23 ESj does not say anything 
about the existence of contractible periodic magnetic geodesics. A priori if 
we have a nonselhntersecting closed curve 7 with SE^'y) < 0 , then it is not 
necessary that there exists a minimizer of in the class of nonselhntersecting 
closed curves with Se < 0. Theorems [2] and [3] say that the how in study 
supplies an explicit example of such a situation. Actually this article arises 
as an answer to the question by A. Abbondandolo on such an example asked 
by him after my talk in Bochum in May 2015. 


2 The flow and the first integrals 


The motion of a charge in in the magnetic held F is dehned by the 
Lagrangian function 

L{q, q) = -Qikq'q'' - Aq' = —-— + sin x y, 
where q = {x,y) G T^. 

The corresponding Lagrangian system takes the form 


X = cos X y, 
y = — cos XX. 

Since the Lagrangian function is independent on y, we have 


( 1 ) 


Proposition 1 The system m has two functionally independent first inte¬ 
grals: 

1) the energy 
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2) the momentum corresponding to y: 

p '■= Py = y + sin a:. 

By this Proposition, we have 

y = p — sinx, X = \/ 2E — {p — sin x)^, 


and therefore these equations are integrable in quadratures: 

dv 


t = 


' XO 




2 ’ 


yit) = yo+pt- / sina;(r) dr, 


( 2 ) 


Jo 

where the constants p and E are defined by the initial data: 

a;o = x(0), yQ = y{0), x(0), ?/(0). 

To hnd x{t) we have to invert the the integral in the first equation from ([21 
To do that we make the substitution 

= sin X 


and derive 


where 


t = 


' sinxo 


dz 

w 


= (^l _ - {p - zf). 


(3) 


This elliptic curve is reduced to the Legendre normal form by the standard 
procedure (see ^ and x(t) is expressed in terms of the Jacobi elliptic func¬ 
tions. 


Theorem 1 


sina;(f) 


y{t) = yo + pt 


sn 


(t + D 

V 




(t + D 

V 



dr. 


where D = ^ and the constants k and D are determined by the re¬ 

duction of the elliptic curve ^ to the Legendre normal form (see and 

m)- 
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Remark. This flow is a simplest example of a magnetic analog of the 
geodesic flow on a surface of revolution. The general family is given by pairs 
consistsing of a metric g{x){dx^ + dy"^) and a two-form h\x) dx A dy where 
the functions g and h are both periodic. In this case the additional conser¬ 
vation law needed for complete integrability takes the form of the “Clairaut 
integral”: 


dy 


y 

9{x) 


+ h{x). 


We think that in this class one can And other interesting examples of magnetic 
geodesic flows. 


3 The variational principle for closed trajec¬ 
tories 

The Lagrangian is not homogeneous in velocities and therefore the restric¬ 
tions of the system on different energy levels are not trajectorically isomor¬ 
phic as in the case of the geodesic flow. In fact, the restriction of the system 
on the energy level is described by the Lagrangian 

Le = V2E\/ gikd^q^ + Aiq^ = +y‘^ + Anxy. 

Indeed, the Lagrangian Lg is homogeneous of first order in velocities and the 
corresponding trajectories are defined up to parameterizations. The Euler- 
Lagrange equations takes the form 

/ V^gikq^ \ _ OLe 

dt V J 

and for E = ^gikd^q^ both left- and -right-hand sides reduces to the left- and 
right-hand sides for the Euler-Lagrange equation for L. 

The following statement is easily checked by straightforward computa¬ 
tions 

Proposition 2 The Lagrangian function LE{q, q) is positive for all q ^ 0 if 
and only if E > ^. 

If E = ^, then Le vanishes at {x = t)^y > 0, sin a; = —1} and {x = 0,y < 
0 , sin a; = 1 }. 

Le takes negative values for every E < ^. 
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Remark. The particular level E = ^ may be treated as the Mane critical 
level of the system. For magnetic geodesic flows the Mane critical level C 
is dehned for magnetic helds F on Riemannianjnanifolds M such that the 
pullback t[*F of F onto the universal covering M of M is exact. In this case 
it is dehned as 

C = inf sup H (g, 9) 

S M 

where H{q,p) = is the Hamiltonian function of the system and d6 = 
n*F. In our case we have 

C- = mfsupl(«? + «|) 

e ^2 2 

where 9 = 9idx + 92 dy. Since d9 = cosxdx A dy, we have 9i = fx,92 = 
fy + sin X, where df = f^dx + fy dy and / : —)■ M is a smooth function. 

The restriction of fy onto the line sinx = 1 is 27r-periodic and fydy = 
0. Therefore on this line fy achieves its minimum at which fy = 0 and 
{fy + sinx)^ = 1 . That implies that sup ^2 H{q, 9) > |. This lower bound 
becomes exact at / = 0 and therefore C = ^. 

Closed trajectories of the how lying on the energy level E are extremals 
of the functional 



dehned on the space of closed curves. However this functional is not always 
bounded from below in contrast to the length functional studied in the clas¬ 
sical Morse theory and moreover for non-exact magnetic helds, i.e. when 
the closed 2-form is not globally represented as a diherential dA of a 1-form, 
this functional is multi-valued. These diherences with the Morse they were 
discussed in detail by Novikov [20] (see also my 

In our case the magnetic held F is exact however, by Proposition |2l Se 
is not bounded from below for small values of E. 

The variational study of the periodic problem is hindered also by the fact 
that ht is not known does Se satishes the Palais-Smale type conditions. A 
priori the deformation decreasing Se may diverge even when Se approaches 
a critical level. 

In |25l |26] for studying periodic magnetic geodesics in two-dimensional 
manifolds we introduced the spaces of hlms which are embeddings / : —)■ 

of oriented two-manifolds T? with boundaries into a two-dimensional 
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closed manifold endowed with a Riemannian metric and with a magnetic 
field F which is not necessarily exact. For such dims 


f -T? ^ M‘^ 

there is dehned an action functional 

R^(S,/) = ^/^length (/(as)) + / r(F), 

which for exact magnetic helds reduces to Se = //(as 2 ) ^Edt. It was proved 
in [25l |26] that 

if 

1. F is exact, or F is non-exact and > 0 (as we assume without 

loss of generality), 

2. there is a film with Se < 0, @ 

then there exists a film S on which Se attains its minimal value among films 
and the boundary of S consists of closed magnetic trajectories which are 
locally minimal for Se- 


4 Contractible periodic magnetic geodesics 

By dl, 


y{t) = y{0) 


(p — z) dz 


-J{l-z^){2E-(p-zf)' 
Therefore for the closed trajectory y{t) of the flow we have 

{p — z) dz 


z = sina;(f). 


Ay = / ydt = 




where Ay is the increment of y along the pullback of the trajectory onto the 
universal covering —)■ T^. If a closed trajectory is contractible, then 

Ay = 0. 


^Such a field is called strong if F is exact or oscillating if F is non-exact. 







Let us compute 


*S'e(7) — / LecII — 



^2 ^ ^2 _j_ gjj^ xy)dt = 



^2 _|_ ^2 _j_ (p _ y'^y'^ — 


Since y/2E^yx^ + y'^ = x^ + p is constant, and J^y dt = Ay, we have 

Ssi'!) = / x‘^dt + pAy>0. (4) 


J-y 

Proposition 3 Given the energy level E, if'y is a nontrivial (different from 
a one-point contour) closed magnetic geodesic with x = 0, then it is one of 
the following orbits: 

7±± = = ±|, y{t) = ±\f2E t, 0 < t < 

and no one of these orbits is contractible. 

The proof of this Proposition immediately follows from ([1]). Together 
with dl]) this Proposition implies 



Theorem 2 For a contractible periodic magnetic geodesic 7 which is differ¬ 
ent from a one-point contour and lies on the energy level E, we have 

Se{i) = f dt > 0. 

Jy 

Let us consider a him If formed by the embedding of the cylinder 

T-r f ^ Stt 1 

n = |-<a;<Y, 0<?/<27rj 

into T^. Its image is the closure of the domain on which E < 0. The 
boundary of If is formed by a pair of closed trajectories: 

an = 7_+ U 7+_ 
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and it is easy to check that 


p27t p3nf2 

^^(n) = \/^ length (911) + / dy cosxdx = ATr{V^ — 1). 

Jo Jn/2 

Theorem 3 For every E < ^ the functional Se on the space of films attains 
its minimal value on 11 . 


Proof. By the resnlts of [2S] mentioned in §31 attains its minimnm 
on a him E whose bonndary components are local minima of S'^;. 

Let all the bonndary components are contractible. This is possible if E 
consists in components diffeomorphic to discs with holes. The bonndary of 
every hole is a contractible magnetic geodesic 7 and, by Theorem [2l S'e > 0 
on snch a contonr. If we glne the hole by a disc, we obtain a new him E with 

Se{^) = Se{'F) - Se{i), 

i.e. decrease the valne oi Se which contradicts to the dehnition of E as a 
global minimnm. 

Hence 9E contains a non-contractible component 71 and, since 9E realizes 
a trivial class in 1 -homologies, it has to contain another non-contractible 
component 72 . Therefore 


Se{E) > length ( 71 ) -F length ( 72 ) -h 



F. 


However the lengths of noncontractible contonrs are at least \/2E 27r, i.e., 

the length of 7-1 _and of 7 _+ which are minimal non-contractible geodesics 

on T^. Therefore 


Se{E) >47r+ / F 


Jt, 

and the right-hand side achieves its minimnm on the him H. Q.E.D. 

Now let ns describe all nontrivial (diherent from a point) contractible 
closed trajectories. 

By (E]), every periodic in x trajectory is obtained by the inversion of the 
integral 


dz 


^{l-z^){2E-{p-zYy 


z = sinx. 


(5) 
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where z goes along the bounded real oval, i.e. the contour, on the Riemannian 
surface 

= P{z) = (1 - z‘^){2E -{p- zf), 

which covers the interval I such that P{z) > 0 on the interval and P{z) 
vanishes at its ends. It is clear that 


/c [-1,1], 

Moreover it is clear that all roots of P{z) are different otherwise the integral 
(|5]) diverges and does not correspond to an x-periodic solution. 

On every periodic trajectory there exist a pair of points qi, q 2 such that 

x(gi) = x(g 2 ) = 0 , y{qi) > 0 , 7/(^2) < 0 . ( 6 ) 

The condition x = 0 is equivalent to 

2E-{p- zf = 0. (7) 

If I contains only one root of this equation then at the corresponding points 
on an x-periodic trajectory y = p — z has the same values and therefore there 
are no points qi and q 2 meeting (E]). In this case the x-periodic trajectory 
does not close up and there is a nontrivial translation period in y. Hence for 
a periodic trajectory the roots zi < 2^2 of ([7]) he inside J: 

— l<Zi<Z2< 1. 


We are left to check the last condition that the translation period in y 
vanishes. By ([2]), it is equal to 


f^2 


Ay = 2 


(p — z) dz 


'Zl 


,/{l-z^){2E-{p-zy) 


rz2 


= 2 


(p — z) dz 


Jzi ^(1 - z‘^){z - Zi)(z 2 - z) 

We have 

Zl = p — a, Z 2 = p + a, a > 0, 
and by substitution u = p — z we derive that 

u du 


, 2:1 -I- 2:2 = 2p. 


Ay = 2 


'-a 1/(1 - (p - M)2)(a2 - m2) 
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By comparing the values of the integrand at ±m, we infer that 


Ay 


{ >0 for p < 0 

<0 for p > 0 

= 0 for p = 0. 


Let us summarize these facts in the following 


Theorem 4 1. For E > | there are no contractible closed orbits. 

2. For every E such that t) < E < there exist two -families of simple 
periodic magnetic geodesics. These families are invariant with respect 
to translations by x: x ^ x + const, and obtained by the inversion of 
the integral 

— , =, —y/^ < z = sinxlt) < y/2E, 

^(1 - z^)i2E - z^y ~ ^ ^ ~ 

and by solving the eguation for dynamics in y: 


y = — sinx. 

All other nontrivial contractible periodic magnetic geodesics are iterates 
of these simple closed magnetic geodesics. 

3. These families lie in the domains separated by the contours on which 
sinx = ±1. In particular, no one contractible closed orbit intersects 
these contours. 


4 . These families degenerate to the pair of contours {sinx = 0} formed by 
one-point closed curves as E ^ 0. 

5. For these simple periodic magnetic geodesics 

/ a 

y/2E — sin^ x dx, a = arcsin y/2E. 

■a 


Statement 4 is quite evident from the physical point of view: for very 
small energies closed orbits are trapped near critical points of the magnetic 
held, i.e. of the function / such that F = fdx A dy. 

Statement 5 is derived by straightforward computations from Theorem HJ 
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5 Appendix: The Legendre normal form of 
an elliptic curve and elliptic integrals 

In this section we recall some facts on the reduction of an elliptic curve to 
the Legendre normal form (for more details see, for instance, [7]). This is 
necessary for deriving Theorem [H 
Let 

P{z) = {z - ai){z - a 2 ){z - a 3 )(z - 04 ), 

be a polynomial with four different real zeroes Oi,..., 04 . We recall how to 
transform the Riemann surface (elliptic curve) 

vj^ = P(z) ( 8 ) 

to the Legendre form 

r;2 = (l-a(l-fcT)- (9) 

We enumerate the zeroes as follows: 


(Z 3 di <C CI 2 d4 

and decompose P(x) into a product P(z) = Qi(z)Q 2 (z) of two quadratic 
polynomials of the form 

Qi(z) = (z- ai)(z - 02 ), Q 2 (z) = (z- a 3 )(z - 04 ). 

Let us consider two cases: 

1) Qi(z) = z^ — af, Q 2 (z) = z^ — a|. Then the transformation 

z w 

^ > V = 

ai afog 

_ _ 2 

reduces the equation (jHI) to the form (19]) with k‘^ = %. 

2 ) If the case 1) does not hold, then there exist Ai and A 2 such that 

Qi{z) — XiQ 2 {z) = (1 — Ai)(^ — Qi{z) — X 2 Q 2 {z) = (1 — A 2 )(^ — 

These constants Ai ,2 are determined as the eigenvalues of the pair of quadratic 
forms defined by Qi and Q 2 , i.e., as the zeroes of the equation 

1-A + 

_j_ y 03+04 aia2 — X(l3Cl\ J 
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Therewith we have 


Qi{z) = Bi{z- nf + Ci{z - vf, Q 2 {z) = B 2 {z - nf + C 2 {z - pf. (10) 
The constants Si, S 2 , Ci, C 2 are trivially computed as 


jp _ Qjiy) ^ _ Qi(h') _ 1 o 

' '-I) / _ _ \9 5 J t, 


(/X - py 


(/i - py 


( 11 ) 


and a substitution of them into the equations Bi + Ci = B 2 + C 2 = 1 leads 
to the following relations 

2 (/iix + ciici2) ~ (h" T ^)(®i T ^2)) ‘ 2(^fiP + CI3O4) = (/i + p )[( i ^ + 04). ( 12 ) 

Since /i and ix are different from the zeroes aj,j = 1 ,..., 4, the latter relations 
are rewritten as 


p — ai n — ai p — as /x — 03 
Z/ — (I2 — ^2 ^ — ^4 — ^4 


(13) 


The solutions /x and p to flTOl) are obtained as the zeroes of the quadratic 
equation: 

X^-AX + B = 0 

where, by flT^ . we have 


aia 2 — CI3CI4 ciici 2 (a 3 T 04) — a^a^i^ai + CI2) 

/I = 2 -, S = -. 

Qi Qj2 — ^3 — ^4 H” ^2 — ^3 — ^4 

It is easy to check that // and z/ have to correspond to different real ovals of 
dHj). This means, without loss of generality, that 


ai < p < a 2 


and 


/i < 03 or /i > 04 . 


By (unD, we have 


ny = {Bi{z - nY + Ci{z - py){B 2 {z - Ilf + C 2 {z - pf) = 


= Byz 





Cs {z-py \ 
Bi {z- ^ly) 


b2{z - 



C2 {z-py \ 
B 2 {z- ^ly) 
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for 


We are left to put 




Cl z — V 


2 B 1 C 2 


Bi z — fi' 


r = 


B 2 C 1 


V = 


w 


VB;B'2{z-fiy 

to reduce the curve (0) to the Legendre normal form 


we have 


> 0 > 


(/i - uy 




u — ai 
jjL — ai 


h - Q 3 
z/ - as 


A = W-^ = 


(z/ - ai)(z/ - 02 ) 


y (h ~ ®i) (®2 ~ h) 

^(a.) = ± 1 . 


A ai — /i 

Since A is dehned up to a sign, let us put 


A = 


ai — u 
jj, — ai 


to achieve 
Therewith we have 




e(ai) = - 1 . 

1 z — V n — ai z — p 

X z — ^ ai — p z — 


By flTTl) and f|T3l) . 


(14) 


^( 02 ) = 1 , ^( 03 ) = -p ^( 04 ) = ^ where k > 0, 

and, since the real ovals {{z, w), P{z) > 0} are mapped into real ovals by the 
transformation {z,w) we conclude that 


By 


P < 1 . 


p — II 


dz X{z — /i) 


2 ’ 
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we have 


— = r[^ 

w Jr]' 


^^^=cl]j,[ —+ /“ 


w 


’> ^ j {(-j)i/' 

c^^zd>a. 

VW) 

Finally, let us introduce the Jacobi function sn (t, k)\ 


u = 




dip 


Iq a/1 — Jo a/ 1 — sin^ ip 

where ^ = sin 99 , r = sin 6, and we put 

r = sn (m, k). 

This function is periodic: 

sn {u + 4iF, k) = sn (m, k) 

where 


t/2 


K = 


dip 


Vl-P 


sin^ ip 


(15) 
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